Using the FiNLIE solution of the AdS/CFT Y-system, we compute the anomalous dimension of the Konishi operator in planar N =4 SYM up to eight loops, i.e. up to the leading double wrapping order. At this order a non-reducible Euler-Zagier sum, ζ 1,2,8 , appears for the first time. We find that at all orders in perturbation, every spectral-dependent quantity of the Y-system is expressed through multiple Hurwitz zeta functions, hence we provide a Mathematica package to manipulate these functions, including the particular case of Euler-Zagier sums. Furthermore, we conjecture that only Euler-Zagier sums can appear in the answer for the anomalous dimension at any order in perturbation theory.
Interactive feature: If you are reading this article as a pdf file using a viewer that supports JavaScript (like Adobe Reader), you can click a sharp symbol, for instance this one #, whenever you encounter it in the text. When such symbol is clicked, a pop up window with a Mathematica code or example relevant to the context will appear. The Mathematica code requires a number of packages from [1] #. More examples and further explanations how to use packages are given in the notebook usage.nb in [1] . 
Introduction
During the last decade, there was a remarkable progress in applying the AdS/CFT integrability to solve the planar N =4 supersymmetric Yang-Mills theory (SYM), see [2] for a review. In this context, one of the best studied directions is the AdS/CFT spectral problem -the computation of anomalous dimensions of gauge invariant local operators or, equivalently, of energies of dual string configurations. One typically demonstrates how to solve this problem by considering some particular operator or a class of operators; the most known example are the so called twist J spin S states. The shortest member of this family whose anomalous dimension γ is not protected by supersymmetry is TrZD 2 Z, where D is a light-cone covariant derivative and Z is a complex scalar field of N =4 SYM. This state known as the Konishi operator corresponds to J=2 and S=2. The Konishi operator is interesting both from the point of view of N =4 SYM and its string dual: on the gauge side it appears among the leading terms of operator product expansions, and on the string side it is among excitations with the lowest energy. From the point of view of integrability, the anomalous dimension of the Konishi operator is specifically hard to compute perturbatively in the sense that the so called wrapping corrections [3] start to contribute earlier than for the anomalous dimensions of other states. Explicitly, the leading wrapping correction appears at four loops in the perturbative expansion in the 't Hooft coupling constant g 2 = g 2 Y M Nc 16π 2 . Whereas the anomalous dimensions of "long" operators which are free of wrapping corrections (e.g. the ones with J → ∞) can be studied by solving the algebraic equations of the Beisert-Staudacher asymptotic Bethe Ansatz [4, 5] , the presence of wrapping corrections requires to solve functional equations instead: the Gromov-Kazakov-Vieira Y-system [6] .
Over the past few years, there has been quick progress in the understanding of how to compute anomalous dimensions of "short" operators (the ones that receive wrapping corrections). One already has reasonably precise numerical values for anomalous dimensions of the Konishi state [7, 8] and of various twist J spin S operators [9] . At strong coupling, these dimensions were found analytically at two [10] and three [11] loops, with the two-loop result matching existing computations [12, 13, 14] from the string theory, whereas at weak coupling the analytical answer for J = 2 case was found up to five loops: the results [15, 16, 17, 18] for S = J = 2 case coincide with perturbative quantum field theory computations that reached four [19, 20, 21] and five loop [22] orders, while the analytical continuation of the arbitrary S result [23, 24, 25] to S = −1 agrees with the prediction from the BFKL equation [26] . The Konishi state was recently analysed even in greater detail and by now the six [27] and seven loop [28] results for its anomalous dimension are available. There are also improvements in analysing other operators than the twist J spin S operators [29, 30] , in studying twisted [31, 32, 33, 34, 35] and q-deformed [36, 37] versions of the AdS/CFT spectral problem, and in computing angle-dependent cusp anomalous dimensions and related quantities in N =4 SYM from boundary thermodynamic Bethe Ansatz [38, 39, 40] .
Though all these advancements look encouraging, a worrisome sign is that a number of important results was obtained by approaches that are stiff for improvement and generalizations.
At strong coupling, using the method of [10] seems technically infeasible beyond two loops; for instance, the three-loops result [11] was obtained using two-loop findings and an extra knowledge about the Basso's slope [41] . This situation is somehow similar to the computation of the cusp anomalous dimension by taking a certain limit of the generalized scaling function [42, 43, 44] . While this approach becomes a burden beyond two loops, the cusp anomalous dimension can be computed by other means [45, 46] to any desired order, and we might hope to find such means for the dimensions of short operators as well.
At weak coupling, the analytic five-loop result in [18] was obtained by a perturbative solution of the thermodynamic Bethe Ansatz equations, and there are conceptual obstacles in generalizing the method of [18] to higher loops [47] . Another approach of [15, 16] is to use Luscher formulae. It is an efficient way to account for the so called single wrapping effects. However, the Luscher formulae can be derived only for the vacuum state, while their generalizations to excited states (in particular, to the Konishi state) is a conjecture. At double wrapping orders, Luscher formulae are known and were used for the vacuum state of the γ-deformed theory [34] , however it is not clear how to proceed and to generalize them to excited states [48] . Hence, there is currently a theoretical bound for applying Luscher formulae, which is seven loops for the case of the Konishi anomalous dimension and which was reached in [28] .
The limitations of these methods and results indicate that some fundamental properties of the AdS/CFT integrable system are still not understood or were not used in these computations. In particular, the abovementioned five-loop result at weak coupling only partially simplifies the orig-inal way to find the spectrum from the thermodynamic Bethe Ansatz equations [49, 50, 51] , whereas, in later developments, more simpler structures were found behind them: these equations were shown to be derivable from the Gromov-Kazakov-Vieira Y-system (or equivalently the Hirota T-system on the T-hook), if one supplements it with certain constraints [52, 53] on discontinuities of the Y-functions. Then, these constraints were reduced in [54] to simple group-theoretical conditions on the T-functions.
The T-functions obey the Hirota equation, which is a generalization of character identities where a dependence on a spectral parameter is added. The Hirota equation can be solved by the so called Wronskian solution, a generalization of the Weyl character formula, which allows one to parameterize the T-functions in terms of a finite set of Q-functions. These properties were for a long time known for various integrable models [55] , and their equivalents were discovered for the case of the AdS/CFT integrability in [56, 57] , see also [58, 59, 60] and references therein for a more generic set up.
By using these "algebraic" findings, the Wronskian parameterization of the T-functions and the group-theoretical constraints on them, a finite set of nonlinear integral equations (FiNLIE) which allows one to compute the anomalous dimensions of several operators was derived in [54] . By contrast, the thermodynamic Bethe Ansatz equations form an infinite set of equations.
In this paper, following our previous work [27] , we apply the FiNLIE, and hence the findings discussed above, to show that the weak coupling expansion can be carried to an arbitrary order in perturbation theory. We demonstrate this by an explicit computation of the Konishi anomalous dimension up to eight loops, a benchmark order at which the double wrapping effects become important for the first time.
The goal of this work was however not only to improve the methods for weak coupling expansion. Understanding of the AdS/CFT integrability is far from being ultimate. In particular, it is conceivable that, instead of the mirror thermodynamic Bethe Ansatz resulting in an unwieldy infinite set of equations, there should be a better way to derive the Hirota system and constraints on it. In our ongoing research [61] we are finding new interesting features behind the AdS/CFT T-and Y-systems. On the one hand, these features should yield a more efficient way to compute anomalous dimensions. On the other hand, we hope that they will shed additional light on the fundamental aspects of the AdS/CFT integrability which would also be important beyond the spectral problem. It appeared that having explicit analytical results is necessary to guideline our research, and that not all of the effects manifest themselves at single wrapping orders. Hence we had to solve the AdS/CFT Y-system up to a double wrapping order, and we present such solution in this paper.
Our analysis of the perturbative weak coupling behaviour of the FiNLIE showed that all its quantities can be expressed through the so called multiple Hurwitz zeta functions. In the following section 2 we acquaint the reader with these functions and with basic operations on them. Section 3 describes the FiNLIE adjusted to weak coupling expansion and gives some simplified examples which show how to use it. All further technical details are available online [1] in the Mathematica notebook format. In section 4 we give our main result: the eight-loop Konishi anomalous dimension, and in section 5 we make some crosschecks by performing an expansion in the inverse powers of transcendentality of zeta functions. Finally, we summarize our results in the conclusions section, where we also discuss how the exact Bethe equations are related to the regularity conditions on a solution of the FiNLIE. The analyticity properties encoded into these exact Bethe equations are an example of a property which acquires new qualitative features at double wrapping.
To set up terminology, let us note that we define the anomalous dimension γ of an operator as γ = ∆ − ∆ 0 , where ∆ is the total conformal dimension and ∆ 0 is the classical dimension. For the Konishi operator Tr ZD 2 Z on has ∆ 0 = 4. The energy E of the string configuration dual to the Konishi state is defined with respect to the BMN vacuum TrZ 2 so that E = γ Konishi + 2. The Konishi operator is a member of the so called Konishi supersymmetric multiplet. Another member of this multiplet is
, which is an Rsymmetry singlet formed from real scalar fields Φ i of N =4 SYM 1 . As all the operators from the Konishi multiplet, this operator has γ = γ Konishi , though its classical dimension is different: ∆ 0 = 2.
Multiple Hurwitz zeta functions
In section 3 we will show that all the quantities of the FiNLIE, and hence of the Y-system, are expressed at any given order of weak coupling expansion through multiple Hurwitz zeta functions. The goal of the present section is to define these functions and to list their essential properties. We start with a specific case of great importance: Euler-Zagier sums.
Euler-Zagier sums

2
The Euler-Zagier sums, also known as multiple zeta values (MZV), are defined as follows
(1)
a i is called the weight, or transcendentality, of the sum, k is called the depth of the sum. The sum is convergent for
In the following we will define a regularization which allows us to define MZV in the marginally divergent case, i.e when strict inequalities > above are weakened to ≥. We also assume that a i ≥ 1, otherwise the sum can be straightforwardly reduced to sums of lower depth. For instance:
Stuffle algebra. MZVs form a ring over Q. Indeed, consider for example
Clearly, if we consider two arbitrary MZVs, we can repeat this logic to split the sum and express their product as a linear combination of other MZVs. The equalities that we obtain this way are known as stuffle relations.
Shuffle algebra. At the same time, there is another inequivalent way to express a product of MZVs through a linear combination of other MZVs. For this we use the Feynman representation of Euler-Zagier sums:
In the stuffle case we had to split summation whereas here we will split domain of integration, e.g 3 :
where dµ is the measure of integration defined in (4) .
Using this logic, we define the so called shuffle relations. This name comes from the fact that we shuffle the ordering of the integration variables in all possible ways. In the mathematical literature a different integral representation is preferred, the one used to define multiple polylogarithms [65] , however the net result is the same.
Both the shuffle and stuffle products are implemented in our Mathematica package zetafunctions.m [1] . # Combinations of shuffle and stuffle products allow one to generate nontrivial relations between MZVs. A classical example is that the relations
give the Euler relation ζ 1,2 = ζ 3 .
Diophantine conjecture. It is conjectured [66] that all the algebraic relations between Euler-Zagier sums are generated by shuffle and stuffle relations. One immediate consequence of this conjecture is that MZVs of different weight are algebraically independent. This conjecture called the diophantine conjecture is not proven. However, one can test it by exploiting integer relation algorithms in experimental mathematics (see [67] and references therein). These algorithms allow performing an efficient and systematic search for relations of the type I c I ζ I = 0, where the summation is over a set of multi-indices I and c I are integers. In particular, these algorithms can show that no relation exists with coefficients c I -s smaller than a certain magnitude. The diophantine conjecture found a solid support using this approach.
Based on the diophantine conjecture, one can show [66] that the number M w of independent irreducible 4,5 MZVs of weight w can be found from the following generating relation [68] 
In the eight-loop computation that we present here, it is enough to find all relations up to transcendentality 13. This is easily done by brute force based on shuffle and stuffle relations. In zetafunctions.m, the result is saved into the substitution rules subZetaReduce #. We obtain that the following MZVs are independent:
As expected, this is consistent with the values of M w tabulated in (8) . We will actually find out that the weak coupling perturbative expansion of the Konishi anomalous dimension (66) up to eight loops contains only a subset of the irreducible MZVs (9), namely it only involves ζ 1,2,8 and single-indexed MZVs.
If one wants to go to higher weights, one can use more efficient algorithms based on remarkable relations derivable from the shuffle and stuffle algebras [69, 70, 71, 72] . Assuming diophantine conjecture, all the relations among MZVs were worked out in [72] up to weight 22 and, with some restrictions on the depth, to higher weights. These results are available online.
Multiple Hurwitz zeta functions (η-functions)
In the evaluation of Feynman integrals, one often encounters polylogarithms. These functions can be defined as a generalization of Euler-Zagier sums which preserve the shuffle but not the stuffle algebra, see e.g. [65] .
Quite remarkably, the perturbative weak coupling solution of the FiNLIE is expressed in terms of functions which are in a sense complementary to polylogarithms: they are generalization of Euler-Zagier sums which preserve the stuffle but not the shuffle algebra. They are defined as follows
(10) We introduced i = √ −1 and started the sum from 0 so that these functions have poles at position 0, −i, −2i, . . .. This way, u will coincide with the spectral parameter of the AdS/CFT integrable model. This sum is defined under the same restrictions on a i as for the case of Euler-Zagier sums.
The MZVs are then related to the functions (10) evaluated at the point u = i:
The single-indexed functions (10) differ from the Hurwitz zeta function ζ a (u) = n>1 (u + a) −n only by a slight change of variable, and they are related to derivatives of the polygamma function ψ by
Hence, the multiple-indexed functions (10) can be called multiple Hurwitz zeta functions or multiple polygamma functions. These sums can be also recast in terms of infinite cyclotomic harmonic sums defined e.g. in [73] . To simplify further presentation, we will often refer to (10) as η-functions. In Appendix A.1, which defines marginally divergent η-functions, we choose to enforce (12) even when a = 1, which means that we define η 1 (u) ≡ iψ(−i u). Relation (11) is also enforced for marginally divergent case, hence one defines ζ 1 ≡ γ Euler−Mascheroni . A number of the FiNLIE functions do depend on this regularization prescription, however it is a good check of our computation that the physical quantities, like the anomalous dimension, do not depend on the regularization.
In the following we will denote multi-indices by the capital letters I,J, and K. One additional useful property of η-functions, which holds in particular for regularized sums is η a,I − η [2] a,I = 1 u a η [2] I , where η
[n]
η-functions have an infinite ladder of poles at u = −in, n ∈ Z + . In the FiNLIE, this structure of poles is natural at weak coupling g 1: in this limit, the Zhukovsky cuts on the intervals [−2g − in, 2g − in] collapse into poles. In the functions entering the FiNLIE, one can in principle expect additional poles at shifted Bethe roots, i.e. at u = u j (g) − in. For the Konishi state, there are two Bethe roots, u 1 (g) = −u 2 (g), and
. At weak coupling, the appearance of such poles would indicate the presence of objects like η I (u + u j (0)) or even of more complicated functions of type (16) . However, we experimentally observe a fine tuning which results in the cancellation of such ladders of poles at shifted Bethe roots, even though a finite number of poles may survive for some quantities. Therefore, the possible class of functions entering the FiNLIE solution (at weak coupling) is strongly constrained, in the sense that the poles of η-functions correspond only to the collapse of Zhukovsky cuts. Further discussion of this question is given in section 3.6.
Integrals involving η-functions
The integrals we encounter in this work reduce to a sum of the following elementary ones:
whereη-functions are the complex conjugate of η-functions, in the sense that
* , where * denotes the complex conjugation. An important property of this integral is that it always evaluates in terms of η-functions and MZVs. For example, for Im (v) > 0: 
6 Generalizedη-functions are defined byη
The integral (14) is evaluated iteratively by taking residues: if the multiindex I has the form I = b,Ǐ, and if 0 < Im(v) < 1 , one has
On the one hand, the residue in (17) is expressed in terms of η-functions at point u = v (because the derivatives of η-functions are themselves η-functions). On the other hand, the integral term gives rise to two different cases: ifǏ = ∅, then by closing the integration contour upwards this integral
, whereas ifǏ has at least one element, it can be written asǏ = c,Ǐ, allowing to move the integration contour again to get
If the initial multi-index I has n elements, the process stops after n iterations, and one gets the integral (14) in terms of standard η-functions evaluated either at point u = i (where they are equal to MZVs (11)) or at point u = v, and of generalized η-functions of the form η
Run for each order in g As explained in Appendix A.2, the generalized η-functions of type η {...,0,0,v,0,0,...} K can be expressed through standard η-functions andη-functions evaluated at point v. Moreover, the result of integration is analytic above or below the contour of integration and hence cannot contain simultaneously η-functions andη-functions. For instance, in example (15) the answer is analytic in the upper half-plane and hence it should be expressible only through η-functions. Appendix A.3 gives an additional class of relations which allow one to express η-functions in terms ofη-functions (or the opposite) and to insure this last property we discussed. This class of relations is also necessary to show that terms like the η-functions evaluated at Bethe roots cancel in the final expression for the anomalous dimension.
The integration algorithm and the properties of η-functions described above and in Appendix A are implemented in our Mathematica package [1] which was used to perform all analytical computations needed to solve the FiNLIE at weak coupling. Examples of usage are given in the file usage.nb.
Set of equations for weak coupling expansion
Our strategy for weak coupling expansion was summarized in [27] 8 . The goal is to determine three quantities ρ, ρ 2 , U from which all the Y-system can be straightforwardly restored. As shown in figure 1 from [27] (redrawn above), the set of equations divides into two iterative processes: on the one hand, there is an internal "Y-cycle" which has to run every time we want to compute one more order in g 2 for the densities ρ and ρ 2 . On the other hand, there is a "wrapping cycle", which computes the function U , and which only needs to be run once for every four orders in g 2 . Compared to the weak coupling expansion [27] , which was performed up to six loops, we will make two essential updates. First, we add an equation (45) for an auxiliary quantityĥ which becomes important at 7 loops. Second, we will compute the wrapping correction to U using (49) and (47), to reach the double-wrapping eight-loop order. By contrast, the asymptotic expression for U was sufficient at single-wrapping.
For the sake of completeness and to provide some technical details, we will write down all the necessary equations even though some of them were written in [54, 27] . Although we will repeat the necessary definitions, the reader can also consult [27] or section 2 of [54] for some notations we use, in particular for the definition of integral kernels, Zhukovsky variables, mirror and magic sheets. The equations presented below can be used for a straightforward weak coupling expansion to an arbitrary order. Although the expansion is technically quite evolved, we developed mathematical techniques which allow handling it.
Restoring the Y-and T-systems from ρ, ρ 2 and U
The T-(Y-)systems involve infinitely many T-(Y-)functions, and an important point towards a finite set of equations is to rewrite these functions in terms of a finite number of Q-functions [57] , which are themselves parameterized by a few densities [54] . In the finite set of equations (FiNLIE) of [54] , the T-functions are parameterized as follows by the functions ρ, ρ 2 , U :
The T-functions of the right band ({T a,s : s ≥ a}) are computed in a certain gauge which is denoted by the letter T . They are expressed in terms of the function ρ alone:
whereT a,s (u) coincides with T a,s (u) as soon as |Im(u)| < (1 + |s − a|)/2|, but it has short cuts onẐ
, whereas T a,s (u) has long cuts of the formŽ n ≡ n
On the other hand, the T-functions of the upper band ({T a,s : a ≥ |s|}) are computed in a different gauge denoted by the letter T , and they are parameterized by a handful of q-functions including U 2 = q 123 /q 1 :
These q-functions are expressed through the functions q 12 , q 1 , q 2 , and U as follows
, q 23 = q 14 =q 12 .
(23b)
The T -gauge is chosen such that
where u 1 is the exact Bethe root and α is a complex constant, which is adjusted to enforce the vanishing T 1,0 (u 1 ± i/2) = 0. This constant has order α ∝ g 8 an is suppressed by one wrapping (asymptotically, we have (
, hence it can be found iteratively 9 . Last, the function 9 More explicitly, T 1,0 (u 1 + i/2) = 0 implies the following equation:
where the first term in the numerator is of order g 8 and the remaining ones are of order
q 2 is parameterized by
where we denote (K * f )(u) = for u ∈Ẑ later on 10 . The term involving W is suppressed in wrapping and can be found recursively.
The choice (26) for the parameterization of q 2 is motivated by two features of this parametrization : On the one hand, the finiteness of the support of ρ 2 (i.e. the condition that ρ 2 = 0 onẐ 0 ) is equivalent to the condition T c 0,1 = 0 written in [54] , which is a consequence of Z 4 -symmetry identified in [54] . On the other hand, ρ 2 is of the form 4g 2 − u 2 f (u), where f is an analytic function in the vicinity of the real axis 11 . The latter property is a consequence of the built-in assumption that Q-and T-functions of the AdS/CFT integrable system have branch points of the second order.
The formulae presented above are nothing but an explicit realization of the Wronskian solution of the T-hook [57] bisected into semi-infinite bands, without taking into consideration any gluing condition on these bands so far (i.e. that a global gauge exists in which the Hirota equation is satisfied everywhere on the T-hook, including diagonals a = ±s). The parameterization (19) and (26) was inspired by an approach in [74, 75] ; it is just a suitable way to represent the Q-functions respecting basic analytical properties of the Y-system, with the details about particular state hidden into ρ and ρ 2 . Hence, so far we were exploiting merely algebraic properties of the Hirota equation, with minor analytical input. Now we come to more physical constraints which will determine U, ρ, and ρ 2 for the Konishi state. 10 Note thatŴ pv =Ŵ = q
for u ∈Ž butŴ pv = W for u ∈Ẑ. 11 In [54] , a slightly different parameterization was used in which ρ 2 was of the form
. By contrast, the present convention incorporates thẽ f -term into K * Ŵ pv .
Y-cycle
We use two integral equations for Y 1,1 and Y 2,2 . First, an equation for the product Y 1,1 Y 2,2 is obtained from the analyticity of the ratio
in the upper half-plane which implies [54] the relation
. Similarly, from the analyticity of the ratio
in the upper half-plane, one deduces that the following integral equation for
holds:
one can show that the asymptotic expressions written in [54] (
with ∆ as defined in (63), solve (27a) and (27b). Hence we subtract them from the exact quantities in (27) and get equations more suitable for weak coupling expansion. Let us introduce the notation (F ) r = F (F ) as and define some standard combinations
which will be used throughout the text. In (30),q ∅ denotes the function that coincides with q ∅ when Im(u) > −1/2 but which has cuts of the formẐ −n . By subtracting the asymptotic quantities (29) in (27) , one gets
The equations (27) and (31) To find the densities ρ and ρ 2 , one needs in particular to analytically continue (31) to the domain where u is real and belongs to [−2g, 2g] . In that case, the analytical continuation picks a residue which cancels some inhomogeneous terms in the equations and one gets 13 :
where we use z = u/2 g, and the weak coupling expansion is to be performed in the double scaling regime: g, u → 0 with z being finite. In (32) , H (resp. r + ) implicitly denotes H(v) (resp. r(v + i/2)), and starting from now, for all functions that appear inside an integral, if the argument of a function is not specified then it is the integration variable.
Equations (27) on Y 1,1 , Y 2,2 correspond to the physical constraints, and in particular one can show their equivalence to the corresponding TBA equations [54] . On the other hand, there is a purely algebraic constraint which tells us that Y 1,1 , Y 2,2 can be expressed through ρ, ρ 2 , and U (where U is suppressed in wrapping and in this sense is known). Explicitly
One can check that these equations are also satisfied by the asymptotic solution (29), so we also subtract the asymptotic quantities to prepare for a weak coupling expansion. Finally, by excluding Y 1,1 and Y 2,2 from (33) and (32) and performing some algebra one getŝ
This is a set of two coupled equations which constitute the Y-cycle. They are used to find ρ and ρ 2 . To uniquely solve them, an additional constraint T 1,1 (u 1 ) = 0 should be imposed. An explicit expansion of these equations is worked out in the Mathematica notebook WeakCoupling.nb [1] , while here we will discuss an instructive simplified example, by putting W a = U = α = H = 0. We have put to zero the quantities that are of order g 8 , i.e. the quantities which are responsible for the wrapping corrections. In this approximation we haver * =r, and the equations (34) reduce tô , but we will only use that c i ∝ O(g 0 ). Next, we define perturbations δq 2 =q 2 − (q 2 ) as , δĉ =ĉ − (ĉ) as , δρ 2 = ρ 2 − (ρ 2 ) as , δρ = ρ − (ρ) as and expand the equations to the linear order in the perturbations and to the leading nontrivial order in g. To perform the expansion, one uses firstly that close to the cut one has (q 2 )
[±0]
withx
where we view δρ as a function of z = u/2g ∈ [−1, 1]. One will find that only a certain combination of δĉ, namely δĉ
= δρ, appears at the leading order. For δq
one can use the representation which is analogous to (38) , however it is more instructive to keep δq
as it is. Secondly, one has the following perturbative expansion if the argument of a function is far from the cut:
where we defined
. By comparing (38) to (39), we see that, far from the cut, these functions are suppressed by one order of g compared to the same functions close to the cut. In particular, δĉ with its argument far from the cut does not appear in the leading order expansion.
The argument of a function is far from the cut in two situations. The first one is when one encounters a function with a shift:
The second one is when we integrate over the argument, as in the integral in (35b). The contour of integration can be deformed such that it never approaches the branch points u = ±2g. Hence one can apply (39) and take the integral in (35b) explicitly.
By implementing the outlined strategy, one gets at the leading order
where
and λ 2 = .
Note that the equation (x
) which has good analytic and parity properties (it decreases at infinity and it is antisymmetric on the magic sheet). Hence, for any constantM one can solve (40) by
where A is adjusted such that M [δρ 2 ] =M . This one-parametric ambiguity is fixed by recalling that one should impose T 1,1 (u 1 ) = 0. Indeed, since (T 1,1 ) as vanishes at Bethe roots by construction, one should impose that the correction to (T 1,1 ) as obeys:
where . . . denotes corrections of higher order in g. These corrections define the value of M [δρ 2 ], and in particular the magnitude of δρ 2 . In our simplified case W 1 = 0 and hence M [δρ 2 ] = 0, which means, due to (40) , that δρ 2 = δρ = 0. This is only expected because the asymptotic solution should be exact when we set to zero all the terms that are responsible for wrapping. Although the solution we've got is trivial, its derivation allowed us to demonstrate the essential features of the perturbative expansion of (34).
When we add the wrapping corrections, they produce non-zero terms in the r.h.s. of (35) 
).
Since
are even functions analytic in the vicinity of the real axis, they are represented in the double scaling regime as finite degree polynomials in z 2 at any given order of g, c.f. (43) . This property eventually follows from (40) supplemented with sources from wrapping terms, and it can be used to transform (40) to algebraic equations for the coefficients of the polynomials.
In WeakCoupling.nb [1] , we compute the first three orders of δρ and δρ 2 , δρ up to the order g 13 and δρ 2 up to the order g 11 . These orders are necessary for our computation of the energy up to eight loops. One formally needs also the fourth order of δρ 2 , however it enters only as M [δρ 2 ], because of expansion similar to (39) , and hence it is found from (42).
Wrapping cycle
An equation on the function U , which constitutes the wrapping cycle, is [54] :
where on the r.h.s we outlined two factors encountered previously in the text. Both of them are analytic in the upper half-plane, where (44) is defined. This equation on U contains an auxiliary functionĥ which also appears in the Bethe equations and which is found from:
Equation (44) actually allows finding U only up to a normalisation which is fixed by the following additional condition:
For this reason the normalization constant Λ F is inessential. The asymptotic expressions forĥ and U are given by
σ BES (u, u j ) is the BES dressing phase [5] .
Let us sketch how these asymptotic expressions are derived. To this end, let us note that equation (45) is equivalent to the Riemann-Hilbert problem
, under the boundary conditionĥ ∼ u −1−L/2 at u → ∞. By consideringĥ as function ofx (which is justified becauseĥ has only one cut on the physical sheet), and using the periodicity of F, one can derive from this Riemann-Hilbert problem the equationĥ
. For the asymptotic values (29) of ρ and Y-s, this is precisely the crossing equation [76] on the dressing phase analytically continued using the trick of [77] . This explains how the expression (48) for (ĥ) as is obtained. To simplify (44) for asymptotic quantities and to find (U ) as , one uses the following remarkable relation:
Like for the Y-cycle, we subtract the asymptotic solution from (44) to get log ĥ [2] h U U [2] 
log(ĥ) r = Z * log
where the expression log(Y 1,1 Y 2,2 ) r should be computed in the double scaling regime u = 2gz, using (32a). Note that
and the subleading terms of this expansion (denoted by . . .) are not necessary for the eight-loop computation in this paper. Finally, the equation for the normalization of U (47) should be transformed into an equation for the normalization of (U ) r , which requires to continue (49) to real values of u and to re-expand it in the double scaling regime u = 2 g z. For the leading wrapping correction of U , this gives the following equation for the normalization of U :
The dependence on z should be the same in the r.h.s and the l.h.s., which is used as a nontrivial check for our computations.
Let us note that log(ĥ) r = constant · g 8 + O (g 10 ).
Since an overall normalization ofĥ is irrelevant, log(ĥ) r does not contribute to the computation of U at eight loops. However, the terms in log(ĥ) r of order g 10 and g 12 are needed to find corrections to the Bethe equations, as we will see below.
Bethe equations
The Bethe equations can be written as
The asymptotic function (φ) as precisely coincides with the logarithm of the Beisert-Staudacher asymptotic Bethe equations [4, 5] . The function φ is subject to corrections to its asymptotic value; these corrections are computed from the following equation:
The square root in the numerator (resp. the denominator) is expressed from (32a) (resp. from (32b)), andĥ is expressed from (50), whileT 1,1 and T 2,1 = q [2] 2 +q
+ W 2 are found from the Wronskian parameterization discussed in section 3.1.
What one really needs is the value of δφ at u = u 1 which we parameterize as follows:
We explicitly computed m 1 ,. . ., m 4 which are used for our computation of the energy up to eight loops. Their expressions can be found in WeakCoupling.nb [1] . Using this data, one finds the exact position of the Bethe root if one notices that, since φ(u 1 ) = 0, one has δφ(u 1 ) = φ(u 1 ) − (φ) as (u 1 ) = −(φ) as (ũ 1 + δu 1 ). The latter equation is solved perturbatively as follows 
Summary of the perturbative expansion
To conclude, the analytic perturbative solution of the FiNLIE relies on a perturbative expansion of the Bethe root u 1 , the two densities ρ and ρ 2 , and the function U .
In practice, one computes the deviations from the asymptotic expressions: δρ = ρ − (ρ) as , δρ 2 = ρ 2 − (ρ 2 ) as , using equations (34), and log (U ) r = log U/ (U ) as , using equations (49) and (47) . These equations contain a number of auxiliary objects. Firstly, H, r,r * (defined in (30)), and log (T 1,0 ) r , W a are computed from the Wronskian parameterization given in section 3.1. Secondly,ĥ and log (Y 1,1 Y 2,2 ) r are found respectively from equations (50) and (32a). These auxiliary objects appear in the source terms of (34), (49) , (47) 14 , and they turn out to be suppressed by one order of wrapping, hence their contribution to the solution of the FiNLIE at given order is obtained simply by knowing the solution of the FiNLIE at lower orders.
The position of the exact Bethe root constraints the solution through the conditions T + 1,0 (u 1 ) = 0 and T 1,1 (u 1 ) = 0. Let us stress that the "asymptotic solutions" (29) , (48) are defined using the exact Bethe root u 1 , as opposed to the solutionũ 1 of the asymptotic Beisert-Staudacher Bethe equation. This exact Bethe root is found from equation (53) . The correction u 1 −ũ 1 to the position of the Bethe root is suppressed by wrapping and, again, it can be computed iteratively.
Analytical structure of functions
It might be not immediately clear that the equations presented above can be solved analytically at each order of the weak coupling expansion. We are going to show that this is indeed so and we will precise the class of functions which appear during this expansion.
Let us start with the integration of densities ρ and ρ 2 , with either a Cauchy kernel K, like in (19) and (26), or a Zhukovsky kernel like in (45) . As we saw, these densities are √ 1 − z 2 times functions which are, at each order in perturbation theory, polynomials in z. Actually, in the double scaling regime (when z = u/2g is fixed while u 1), which one has to use for integrands if they are integrated on the finite support [−2g, 2g], any quantity has an expansion which is either a polynomial or a polynomial times square root (or the sum of these two cases). Such expressions can be explicitly convoluted against both the Cauchy and the Zhukovsky kernel. The result of integration is either a polynomial in z, if the value of integral is computed in the double scaling regime, or a rational function in u, if it is to be computed in the ordinary regime, i.e with g → 0 keeping u fixed.
Let us now consider the weak coupling expansion of the quantities in the ordinary regime. It is easy to check that when expanding asymptotic quantities in this regime, one always gets expressions which can be represented as linear combinations of terms of the typeη
J . In the following such linear combination will be called a standard-type expression. We will now discuss two non-trivial operations one encounters during solution of the FiNLIE at weak coupling and show that both of them keep us in the class of standard-type expressions 15 . Hence, in this way we will iteratively demonstrate that exact quantities are explicitly computable and that they are always expressible in terms of standard-type expressions.
The first operation is integration. Except for the integrals over the finite support [−2g, 2g], which we discussed already, all the integrals in the weak coupling version of the FiNLIE have an integration contour from −∞ to +∞, parallel to the real axis. In section 2.3 and in Appendix A we showed how to integrate standard-type expression along such contour, and the result is always a standard type expression. It is easy to iteratively verify, starting from the asymptotic solution, that the integrands are always of the standard type, and probably the only troublesome place is the equation onĥ, and more precisely the integration with coth(π (2gw − v) ). For this, we can note that coth(π(2gw − v) = −(η
Hence, this coth is expressed as a linear combination of η-functions at each order of expansion in g 2 . Since η-functions obey the stuffle algebra and hence form a ring, we see that at a given order in g 2 , multiplying (58) by a standard-type expression always gives a standard-type expression.
The second operation is a semi-infinite summation. One such summation is needed to compute U : if f = log U/U [2] is known from (49) then
. The other semi-infinite sums are used to compute q 13 , q 14 , q 24 according to (23a). In both of these cases, the sums are of the type
for some function f . One can already note that, in these sums, the corresponding functions f are analytic in the upper half-plane, hence the sums can involve η-functions, but they should be free of anyη. Now, if f -s contain only poles at positions u = −i k, then the sum reduces to a standard-type expression, e.g
However, if there is a pole in another position, a more generic class of functions (16) may appear. In principle, one could have poles at Bethe roots, but we observe a remarkable cancellation of these poles for the physical solutions of the Y-system. To give an example of how the cancellation comes out, let us study the computation of q 13 at the leading order, i.e. for U 2 = − .
We see that each pole at a position u = u j +i k appears in two successive terms of the sum which cancel each other. We checked this cancellation mechanism at the first five orders of the perturbative expansion (which was needed for computing the eight-loop anomalous dimension). Hence we conclude that at least at these orders the following equation, which is behind the cancellation mechanism, holds:
at the zeroes of q 12 which are u = u 1 + α and u = −u 1 −ᾱ. At the first four orders, we have q 12 = Q and (61) is nothing but the asymptotic Bethe equation. At least at the fifth order, (61) is still true, though it is no longer the asymptotic Bethe equation. It is not the exact Bethe equation either, although it is equivalent to it because it does not follow from the constrains T + 1,0 (u 1 ) = T 1,1 (u 1 ) = 0 and it is satisfied only if u 1 is the exact Bethe root. In order to have the same cancellation of poles in the sums expressing q 14 and q 24 , one should also require that
In view of (23b), this requirement can be considered as a regularity condition on q ∅ . At first four orders it is equivalent to the equation T 1,1 (u 1 ) = 0, and we also verified perturbatively that (62) holds at the fifth order. Under the assumption that (61) and (62) hold at any order of the perturbation theory, all semi-infinite sums for q ij result in standard-type expressions only.
By analyzing howĤ andr appears in the r.h.s. of equation (49) for U , we see that the cancellation of poles in q ij propagates to the statement that log U/U [2] only has poles at position u = −i k, hence U is given by an expression of standard type.
Let us stress that we verified (61) and (62) at the first five orders, and then predicted the general form of the functions under the assumption that they hold at any order. These two equations look very natural, since they ensure a more regular structure of q-functions, by cancelling out some ladders of poles. If they are not satisfied, then arbitrary generalized η-functions (16) would appear. This class of functions still forms a ring which insures that at most generalized η-functions are present in the answer at any order; however the answer would be considerably more complicated.
This cancellation of poles at shifted Bethe roots does not mean that η-functions evaluated at Bethe roots never appear. Such numerical constants appear in various places, e.g. in the constraints T + 1,0 (u 1 ) = 0 and T 1,1 (u 1 ) = 0. For instance, they are already present in the leading displacement of the Bethe root. The statement that we discussed above is merely that there are no η-functions that depend simultaneously on the Bethe root and on the spectral parameter.
Since the computation of energy using (63) reduces to the computation of integrals of standard-type expressions, we conclude that if the constraints (61) and (62) hold, then the perturbative expansion of the energy is always given only by MZV-s and by η-functions evaluated at Bethe roots. However, η-functions at Bethe roots are expected to cancel [15] . We observe that they cancel indeed, at least up to eight loops.
Anomalous dimension
The anomalous dimension γ Konishi = ∆ Konishi − 4 is found from ∆ Konishi = ∆ as (u 1 ) + ∆ wrap , where
As compared to the prediction from the asymptotic Bethe Ansatz, ∆ as receives the following corrections through the displacement of the Bethe roots:
The 
Separately ∆ as (u 1 ) and ∆ wrap depend on η-functions evaluated at Bethe roots, however this dependence cancels out in their sum and one gets the result which only involves Euler-Zagier sums: # 
We will now discuss some checks of the consistency of this result. In the next paragraphs we will discuss the order of magnitude of the answer, and then show to what extent this answer can be predicted from the existing numeric data that gives the anomalous dimension for various values of the coupling. Another check will be given in the next section, where the terms having the highest transcendentality are derived.
The coefficients of the expansion (66) 
It is expected (see e.g. section 3 of [44] ) that the radius of convergency of weak coupling expansions in the AdS/CFT integrable system is at most 1/4, because various Zhukovsky branch points in the u-plane collide when g = ±i/4 16 . The coefficients in (67) are in agreement with this expectation. One can further verify our results numerically using the 5-digit precision data for the anomalous dimension [78] which is given in figure 2 . A Padé approximant of a function usually has a larger radius of convergency than its Taylor series. And indeed, we empirically observe that the following Padé approximant
converges, when increasing Λ, at least for g < 0.6. We took Λ = 10, expressed the coefficients c 1 , c 2 , . . . ,c 6 through other coefficients so as to reproduce exactly the power series expansion up to seven loops, and then we fitted the the remaining c i -s and d i -s against the numerical data for g < 0.6. With this procedure, we got a prediction 0.01790 × 4 16 for the eight-loop coefficient of the series expansion, which is in perfect agreement with our analytical result (66) 17,18 .
Relation to knot numbers. There is a striking independent check of the result (66), as we learned few months after the first preprint submission of this article. As explained in [79] , the large class Feynman graphs is evaluated in terms of a subclass of MZV-s: the so called single-valued MZV-s. Up to transcendentality 10 this subclass includes only single-indexed sums of odd argument, whereas at transcendentality 11 a new possible combination appears: ζ 3,5,3 − ζ 3,5 ζ 3 , which was observed in [80] at seven loops of φ 4 theory. Delightfully, our result is expressed in terms of single-valued MZV. Whereas the statement is obvious up to 7 loops, for the transcendentality 11 piece of the 8-loop term one applies stuffle and shuffle relations to show that can be equivalently written as 
Expansion in inverse transcendentality
A good illustration of the approach explained in section 3 is to perform an expansion in inverse powers of transcendentality. Though this expansion is technically more complicated, there are number of benefits as well. In particular, the less number of iterations is needed to capture interesting higher-wrapping effects. There is also no need to distinguish the ordinary and double scaling regimes, and for the few leading orders of expansion, only quite little should be known about the position of Bethe roots.
The strategy of this expansion is the following. We introduce a variable τ , which will be a bookkeeping variable for the inverse transcendentality order (the transcendentality deficit). We assign this variable to the various quantities according to the following rule
After τ is assigned, we perform an expansion in powers of τ . In most cases τ can be treated as an ordinary variable. However, there are exceptions: for instance, when one multiplies (u + r 1 ) −a 1 and (u + r 2 ) −a 2 with r 1 = r 2 , one should perform a partial fraction decomposition (i.e. rewrite the product as a sum of terms with a single pole), giving rise to a sum of terms with different orders in τ , in which the leading term is of order τ − max (a 1 ,a 2 ) . The transcendentality of u in a numerator depends on whether it cancels or not some poles. For us, the latter issue is relevant only for q 2 = −i u + . . ., and in this case one can assign τ +1 for u. Another example of such exceptions is that the integration parallel to the real axis may increase the leading power of τ by 1 and to produce an expression with mixed powers of τ .
To compute the leading transcendentality coefficients in the anomalous dimension to all orders in g, let us assume that the leading transcendentality q-functions can be derived solely from the large volume solution. This assumption is justified by a careful analysis of equations which can be found in Tanscendentality.nb [1] .
Under this assumption, we get
The leading transcendentality term for q 13 is then found from
In this sum, the highest transcendentality term is determined as follows: at each order of g, we write
n k , so that the sum over n simplifies to k η + n k (u − v k ), where the most transcendental term comes from the pole with the largest exponent. This is the pole coming from + . . ., because the next terms are suppressed in g and hence in τ . We see that we need to know quite little about the position of Bethe roots in order to compute the leading transcendentality contributions.
Let us define, in analogy with (10) 19 ,
19 The marginally divergent quantities are defined byη 1 ≡ ( Note thatη I has the prefactor τ 0 . For q ij one gets then
When we expand H in orders of τ , we encounter the following two combinations:
with s 1 ∼ τ 2 and s 2 ∼ τ 2 . The expansion of H in orders of τ gives
where the second term is a purely double wrapping effect. We see that at the leading order in τ , the energy is given by the single wrapping term. The above analysis allows computing the highest transcendentality term to all orders in g. It is coming solely from ∆ wrap in (63) and is given by the following explicit integral:
To this end, we can use the Laplace representations
which are simultaneously valid for 0 > Im [u] > −1. After some algebra, one gets
In Tanscendentality.nb [1] we also performed a partial analysis for subleading transcendentality terms, in particular for those coming from the double wrapping term in (76) , and confirmed the coefficient of the ζ 1,2,8 term in the anomalous dimension at eight loops.
Conclusions and discussion
In this paper we solved the AdS/CFT Y-system for the Konishi state analytically at weak coupling up to the order where double wrapping effects first appear. This allowed us to compute the Konishi anomalous dimension up to eight loops (66) . At this order we observed the appearance of a nonreducible Euler-Zagier sum. In section 3.6 we give a well justified prediction that the answer will be a linear combination of Euler-Zagier sums at any order of perturbation theory. In comparison, a superficial analysis of Feynman graphs allows the appearance of non-reducible Euler-Zagier sums [68] , but it also allows other types of numbers which may appear in the answer starting from nine loops 20 [81] . Our computation is based on the FiNLIE that was proposed in [54] and was first adjusted for the weak coupling expansion in [27] . We presented all the integral equations which allow one to straightforwardly perform the weak coupling expansion to any desired order. By contrast, the approach based on Luscher formulae is inapplicable beyond single-wrapping orders 21 . It appears that at any order of the perturbative expansion, the FiNLIE quantities are expressed as linear combinations of products of a multiple Hurwitz zeta function times the complex conjugate of a multiple Hurwitz zeta function, where the coefficients of the linear combinations are rational functions. We showed that all the integrals can be evaluated analytically in terms of this basis. We developed Mathematica packages that handle the technical details of the computation and which were used to compute the leading double wrapping order. It would be possible to apply the FiNLIE approach for other weak coupling computations, e.g for the angle-dependent cusp anomalous dimension (c.f. [40] ) or the BMN vacuum of the γ-deformed theory. We also believe that the Mathematica tools which we provide here will be useful in a broader context.
The main obstacle for even higher-loop computations is combinatorial growth of the basis of multiple Hurwitz zeta functions which leads to an exponentially increasing demand of computing resources. We estimate, however, that it is technically feasible to reach triple-wrapping orders if a motivation arises for this feat.
An interesting observation is that the algebra of multiple Hurwitz zeta functions appearing in the AdS/CFT integrability respects the stuffle relations, while the algebra of polylogarithms, more typical for perturbative quantum field theory, respects the shuffle relations. Hence, in a sense the two algebras are complementary which might be a hint for a richer Hopf algebra structure of the planar N =4 SYM.
Instead of performing an expansion in the coupling constant, it is also possible to perform an expansion in inverse orders of transcendentality. This approach captures some effects from higher loops, and in particular we computed the most transcendental terms to all loop orders (80) in section 5. Probably the higher transcendentality terms may also be captured by perturbative quantum field theory methods, which would provide an interesting venue for comparison.
There is another interesting physical phenomenon discussed in section 3.6: The exact Bethe equations can be interpreted as a regularity condition on the Y-system. This feature was already questioned in [54] , and its first confirmation was obtained in [27] , but only for asymptotic quantities. Here we demonstrated that the cancellation of poles in the q-functions is ensured even if the leading wrapping correction is taken into account. Quite interestingly, we observed a cancellation of poles at the shifted zeroes of q 12 and not at the shifted positions of the Bethe roots ±u 1 . q 12 is equal to the Baxter polynomial Q only asymptotically, but wrapping effects make it deviate from Q, and then its zeroes acquire a positive imaginary part. On the one hand, q 12 = Q could be an artefact of the computation scheme. On the other hand, Bethe roots are known to become complex in e.g. Lee-Yang model at finite volume [82] , hence one can speculate on another interesting possibility: the zeroes q 12 are an alternative way to parameterize the physical state. This is especially appealing because if we assume that these zeroes are determined by the regularity conditions, then equation (61) 
which takes precisely the same form as the Bethe equations appearing in the algebraic Bethe Ansatz solution of spin chains. Hence the AdS/CFT integrable system has one more common feature with integrable systems solvable by an algebraic Bethe Ansatz, in addition to the group-theoretical interpretation of T-functions proposed in [54] .
η-functions. In particular, there is an explicit formula η 1, 1, . . . , 1
Using these relations and (11), one defines marginally divergent MZVs.
Appendix A.2. Factorization property As discussed in section 2.3, there is a simple recursive way to express integrals of the form (14) . After a few iterations, any such integral is expressed in terms of standard η-functions evaluated either at point u = i (where they are equal to MZVs (11)) or at point u = v, and of generalized η-functions of the form η for 0 < Im(v) < 1: either we close the integration contour downwards, and we immediately obtain that this integral is zero. Or we close it upwards, using the iterative procedure from above. Except for the very last residue, at each step we will obtain expressions involving η-functions with generalized shifts of the form η {...,0,0,v,0,0,...} K
, where K has less than n elements. On the other hand, if we denoteĨ = a n , a n−1 , . . . , a 1 ( where I = a 1 , a 2 , . . . , a n ), then the residue at the very last step is Res u=0 where the period (· · · ) denotes η-functions with less indices. Hence, we showed how to express any basic integral (14) in terms of η-andη-functions, MZVs, and rational functions of u.
It is clear that if Im (v) > 0, the answer for the integral (14) should be analytic in the upper half-plane. We will now describe relations that allow canceling all theη-functions using the periodicity property, and these relations can be used to make the analyticity of integrals of the form (14) manifest.
Appendix A.3. Periodicity property
There is a certain class of relations betweenη-and η-functions. One example of such relation is: + O(u 2 ) in the vicinity of zero, which is its only singularity lying in the strip {u : |Im(u)| ≤ 1/2}. In the r.h.s. of (A.8), the coefficient −4ζ 2 is chosen in such a way that the r.h.s., which is also periodic with poles on iZ, has the same Laurent series in the vicinity of zero. Hence, since also both the l.h.s. and the r.h.s. tend to zero when u → ±∞, they should be equal.
Using the same idea, we will actually show that an arbitrary functionη I can be expressed in terms of the functions η J and of the functionη 1 . To this end, let us study the periodic function where we remind the convention η ∅ =η ∅ = 1. For instance, if I has two elements b and c, then we have P a,b,c =η [2] a,b,c + η [2] b,cη a + η [2] cη b,a +η c,b,a . (A.14)
Using the periodicity of P I , we can then find a set of constants γ k such that P I = k γ k η
[+2] 1 +η 1 k : these constants are found by requiring that the singular and constant parts of the Laurent series of the r.h.s. and the l.h.s. do match. Using the expression (A.13) of P I , this allows writinḡ
i k+1 ,i k+2 ,...,i dη i k ,i k−2 ,...,i 1 . We can therefore iteratively express an arbitrary functionη I in terms of functions η J and of the functionη 1 .
